In this paper, we study the existence of Young measure solutions to a fourth-order wave equation with variable exponent nonlinearity on a bounded domain. The asymptotic behavior of the Young measure solutions is also investigated by applying a lemma developed by Nakao.
Introduction
In this paper, we consider the initial boundary value problem of the following model: We claim that the Young measure solutions of problem (.) can be approximated by the following problem with a viscosity term ε  ∂u ∂t (ε > ):
When p(x) ≡  and the space dimension N = , problems of the type (.) are a class of essential fourth-order wave equations appearing in elastoplastic-microstructure models. They govern the longitudinal motion of an elastoplastic bar and antiplane shearing deformation; see [] . have been found only in one space dimension; see DiPerna [] and Shearer [] . To the best of our knowledge, the equations without the viscosity term are studied only in [-] . In that work, the concept of Young measure solutions has been introduced and applied to dynamic problems and wave equations.
Thus motivated, in the present paper, we prove the global existence of Young measure solutions of problem (.), we first construct Young measure solutions as the limit of the sequence of solutions of problem (.). Then we give a decay estimate to the Young measure solutions of problem (.).
Our work is organized as follows. In Section , we give some necessary definitions and properties of variable exponent Lebesgue spaces and Sobolev spaces. In Section , we obtain the existence of weak solutions of problem (.) by Galerkin's approximation method. In Section , under some conditions, from the sequence of solutions of problem (.) and some a priori estimates, we get the existence of Young measure solutions by letting ε → . In Section , we investigate the decay property of Young measure solutions and get a decay rate estimate by using Nakao's lemma.
Preliminaries
In this section, we first recall some necessary properties of variable exponent Lebesgue spaces and Sobolev spaces; see [-] 
) is a Banach space, and when p is bounded, we have the following relations:
That is, if p is bounded, then norm convergence is equivalent to convergence with respect to the modular ρ p(x) . For a bounded exponent the dual space (L p(x) ( )) can be identified
) is separable and reflexive.
In the variable exponent Lebesgue space, Hölder's inequality is still valid; see
the following inequality holds:
If  < | | < ∞ and p, q are variable exponents such that p(x) ≤ q(x) for each x ∈ , then there exists a continuous embedding
Definition . (see [] ) We say that a bounded exponent p : → R is log-Hölder continuous if there is a constant C >  such that
The variable exponent Sobolev space
and equipped with the norm 
. Then there is a continuous embedding 
The following theorem gives a relation between almost everywhere convergence and weak convergence. 
(iv) Furthermore one has 
e. x ∈ E if and only if the sequence does not escape to infinity, i.e. if
lim L→∞ sup k {x ∈ E : |z j k | ≥ L} = . (.) (v) If (i ) holds, if A ⊂ E is measurable and f ∈ C(R N ) and if f (z j k ) is relatively weakly compact in L  (A), then f (z j k ) ν x , f weakly in L  (A).
Remark . If for some s >  and all
j ∈ N E |z j | s ≤ C then (.) holds.
Existence of weak solutions of problem (1.2)
In this section, let ε ∈ (, ) fixed, we prove the existence of weak solutions for problem (.). Our main hypotheses are the following: (H) p, q : → (, ∞) are two log-Hölder continuous functions satisfying
, for x ∈ .
Here denotes the closure of .
(H) a ∈ C([, ∞)) and there exists a constant a  >  such that
and
We choose a sequence
, we have the following lemma.
Lemma . (see []) For the function u
, we can find a sequence {v
m= V m , there exists V m n such that u n ∈ V m n ; without loss of generality, we assume that V m  ⊂ V m  as m  ≤ m  . We assume that m  >  and define ψ n as follows:
. . . , then we obtain the sequence {ψ n } and
The existence of weak solutions of problem (.) is proved by Galerkin's approximation. We shall find the sequence of approximate solutions in the form
The unknown functions (η n (t)) j are determined by ordinary differential equations in the following.
We first define a vector-valued function
where μ = (μ  , . . . , μ n ) and ν = (ν  , . . . , ν n ). Now we consider the following Cauchy problem of second-order ordinary differential equations:
, and H n (t, Y ) = (X, F n -P n (t, η, X)). Then the problem (.) is transformed into the following problem:
The assumption (H) implies
From (.) and Young's inequality, we obtain
Gronwall's inequality and
where C is a constant independent of n and ε.
where
be the initial value of problem (.), then we can repeat the above process and get a C  solution η
Without loss of generality, we assume that T = [
Lemma . (A priori estimates) The estimates
hold uniformly with respect to n.
Proof By (.), we have
Further, integrating the inequality (.) with respect to t over [, T], we obtain
Thus, this lemma is proved By Lemma ., we have the following.
holds uniformly with respect to n and ε.
Proof By Theorem ., we have
Thus,
This lemma is proved.
Theorem . Assume (H)-(H).
Then for each ε ∈ (, ) problem (.) has a weak solution.
Proof By Lemma . and Lemma ., there exist a subsequence of {u n } (still denoted by {u n }), u ε , ξ , η, and ζ such that
, by the Lions-Aubin lemma, there exists a subsequence of {u n } still denoted by {u n } such that u n → u ε strongly in L  (Q T ) and a.e.
In view of Theorem ., we obtain
Next, we prove that there exists a subsequence of {u n } (still denoted by {u n }) such that
integrating (.) with respect to t from t  to t  , we have
Hölder's inequality, Lemma ., and Lemma . imply
where Q t  t  = × (t  , t  ). Thus, the sequence {(η n (t)) j } ∞ n= is uniformly bounded and equicontinuous for fixed j and arbitrary n ≥ j. By the Ascoli-Arzela theorem and the usual diagonal procedure, there exists a subsequence of {(η n ) j } still denoted by {(η n ) j } such that (η n (t)) j converges uniformly on [, T] to some continuous function λ ε j (t) for each fixed j = , , . . . .
For r ≤ n with r ∈ N, by Lemma ., we have
Letting n → ∞, we get
Then letting r → ∞, we obtain
and, for each j ∈ N, we have 
By (.) and the Hölder inequality, we have
It follows from (.) and the arbitrariness of δ  that
, by Lebesgue's dominated convergence theorem, we obtain
Hence,
On the other hand, by integration by parts, we get
Letting n → ∞ in above equality, we have
Thus, we obtain u = ∂u ε ∂t . Moreover, for each j ∈ N, Lemma ., and Lebesgue's dominated convergence theorem yield
Thus, for δ > , by Proposition ., there exists a positive number N δ independent of n such that
A similar discussion to (.) shows that there is a M(δ) >  such that 
Thus, we have
Furthermore, we obtain 
Thus, there exist a subsequence of {u n } still denoted by {u n } and a function u such that u n (x, T) u weakly in L  ( ). For
By integration by parts, we have
Further, by the compact embedding W
Taking ϕ = u k in (.) and letting k → ∞, we get
Multiplying (.) by (η n ) j and summing up j from  to n, then integrating with respect to t over [, T], we have
By (.) and (.), we get
It follows that
Following the ideas of [], we set
Therefore, we obtain u n → u ε strongly in L p(x) (Q τ ). Thus, there exists a subsequence of {u n } still denoted by {u n } such that u n → u ε a.e. on Q T . Further,
Thus, there exists a subsequence of {u n } still denoted {u n } such that
Furthermore, we have
a.e. on Q T . By Theorem ., we obtain
. It follows from (.) that the theorem is proved.
Remark . Obviously, in this section, the two inequalities in (H) can be replaced by  < p -≤ p + < ∞ and  < q -≤ q + < ∞, respectively.
Existence of Young measure solutions for problem (1.2)
In this section, from the sequence of approximate solutions {u ε } <ε< of problem (.), we shall prove that the limit of u ε (as ε →  + ) is a Young measure solution of problem (.).
t is a probability measure, and 
Since the constant in Lemma . is independent of n and ε, by the convergence of u n and ∂u n ∂t in Section , we have
Similarly, by Lemma ., we have
Thus, there exists a subsequence of {u ε } <ε< still denoted by {u ε } <ε< such that 
Thus, there exists a subsequence of {u ε } <ε< still labeled by {u ε } <ε< such that
Furthermore,
Hence, we find by the continuity of a that a(
Lebesgue's dominated convergence theorem, we have
Further, by the weak convergence of
weakly in L  (Q T ). The uniqueness of the
. Finally, we prove that the sequence { u ε } <ε< generates a Young measure {ν x,t } x,t such that
Following Theorem ., we first verify that the Young measure ν x,t generated by the sequence { u ε } <ε< is a probability measure for a.e. (x, t) ∈ Q T . Indeed, for s ≤ p -, we have
It follows from (iv) in Theorem . that ν x,t is a probability measure. Set H(x, A) = |A| p(x)- A. Next, we prove that the sequence {H(x, u ε )} ε is weakly relatively compact in 
Thus, the sequence {H(x, u ε )} ε is equi-integrable. Similarly, the sequence {H(x, u ε )} ε is uniformly bounded on L  (Q T ). Therefore, the convergence property (.) holds.
The estimate (.) implies
From the same procedures as in Section , we can prove there exists a subsequence of {u ε } <ε< still denoted by {u ε } <ε< such that 
Energy decay of Young measure solutions
In this section, we give the decay estimates of weak solutions obtained by Corollary .. The definition of I n (t) and equality (.) imply I n (t) is nonnegative and uniformly bounded. We assume that I n (t) ≤ M, M >  is a constant. For ∀t >  fixed, it follows from (.) and (H) that
Now we divide the proof in two cases: p + =  and p + > . We consider the case p + =  first. By the boundedness of J n (t), we have I n (t) ≤ C  J  n (t). Since I n (t) is nonincreasing, by Lemma ., there exist constants C >  and γ >  such that I n (t) ≤ Ce -γ t , ∀t ≥ .
Letting n → ∞ in the above inequality, we arrive at Hence the theorem is proved.
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